Introduction
Let B be a quaternion algebra over the field Q of rational numbers, and let D ≥ 1 denote its reduced discriminant. Let N ≥ 1 be a positive integer, coprime to D, let E(D, N ) stand for the set of oriented Eichler orders of level N in B (cf. §2.1 for precise definitions) and finally let Pic(D, N ) denote the set of isomorphism classes of such orders. for the natural forgetful projection which maps a conjugacy class of optimal embeddings ϕ : R ֒→ O to the isomorphism class of its target O. Let X 0 (D, N )/Q denote Shimura's canonical model of the coarse moduli space of abelian surfaces with multiplication by an Eichler order O of level N in B. As it is well known, associated to each R as above there is a (possibly empty) set of algebraic points CM(R) ⊂ X 0 (D, N )(K ab ), which is in natural one-to-one correspondence with CM O (R). These points are called special, CM or Heegner points in the literature. Below we shall recall natural actions of the class group Pic(R) and of the Atkin-Lehner group W (D, N ) on both sets CM O (R) and CM(R) which are intertwined by this correspondence. In the case of Pic(R) this is the statement of Shimura's reciprocity law.
Let now p be a prime, p ∤ c. It follows from the work of various people, including DeligneRapoport, Buzzard, Morita, Cerednik and Drinfeld, that X 0 (D, N ) has good reduction at p if and only if p ∤ DN . There exists a proper integral model X 0 (D, N ) of X 0 (D, N ) over Spec(Z), smooth over Z[ 1 DN ], which suitably extends the moduli interpretation to arbitrary base schemes (cf. [2] , [18] ). When p is fixed in the context and no confusion can arise, we shall writeX 0 (D, N ) for its special fiber at p. It is known that each of the sets S of
• Singular points ofX 0 (D, N ) for p || DN ,
• Irreducible components ofX 0 (D, N ) for p || DN ,
• Supersingular points ofX 0 (D, N ) for p ∤ DN are in one-to-one correspondence with either one or two copies of Pic(d, n) for certain d and n (cf. §5, 6, 7 for precise statements).
In each of these three cases, we show that under appropriate behavior of p in R ⊂ K (that we make explicit in §5, 6, 7, respectively -see also the table below), Heegner points P ∈ CM(R) specialize to elements of S (with the obvious meaning in each case).
This yields a map which, composed with the previously mentioned identifications CM D,N (R) = CM(R) ⊂ X 0 (D, N )(K ab ) and S = t i=1 Pic(d, n) (t = 1 or 2), takes the form
Pic(d, n).
(1.1)
Our first observation is that, although the construction of this map is of geometric nature, both the source and the target are pure algebraic objects. Hence, one could ask whether there is a pure algebraic description of the arrow itself.
One of the aims of this note is to exploit Ribet's theory of bimodules in order to show that this is indeed the case, and that in fact (1.1) can be refined as follows: there exists a map Φ : CM D,N (R) −→ t i=1 CM d,n (R) which is equivariant for the actions of Pic(R) and of the Atkin-Lehner groups and makes the diagram CM D,N (R)
' ' P P P P P P P P P P P P
commutative (see (5.10), (5.12), (6.13), (7.14) and (7.15) ). Moreover, we show that when N is square free, the maps Φ are bijections.
As we explain in this article, the most natural construction of the map Φ is again geometrical, but can also be recovered in pure algebraic terms.
The main bulk of the article is devoted to the case p | D; the other cases are comparatively much simpler and probably already known, at least partially. For the convenience of the reader, we summarize the situation for p || DN in the following table.
P ∈ CM(R)
Condition on p S=Irreducible components
Let us summarize here a weak, simplified version of some of the main results of this note, Theorems 5.3, 5.4, 5.8 and 7.2. We keep the notation as above. (iii) Assume p ∤ disc(K) and N is square-free. Then there is a one-to-one correspondence Φ : CM(R)
which is equivariant for the action of Pic(R) and W (D, N ).
(2) Let p | (N, disc(K)) and N be square-free. Then there is a one-to-one correspondence Φ :
The above statements are indeed a weak version of our results, specially because we limited ourselves to claim the mere existence of the correspondences Φ, whereas in §5 and §7 we actually provide explicit computable description of them in terms of bimodules. Combined with the results of P. Michel [15, Theorem 10] and Shimura's reciprocity law, we also obtain the following equidistribution result, which the reader may like to view as complementary to those of Cornut-Vatsal and Jetchev-Kane. 
where ω i stands for the thickness of s i . More precisely, there exists an absolute constant η > 0 such that 
The original motivation of this research was the case of specialization of Heegner points P ∈ CM(R) on Cerednik-Drinfeld's special fiberX 0 (D, N ) at a prime p | D, particularly when p ramifies in R. There are several reasons which make this scenario specially interesting (beyond the fact that so far it had not been studied at all, as most articles on the subject exclude systematically this case):
(1) Let f be a newform of weight 2 and level L ≥ 1 such that there exists a prime p || L which ramifies in K. Assume L admits a factorization L = DN into coprime integers D and N where: p | D and D/p is the square-free product of an odd number of primes, none of which splits in K; all prime factors of N split in K. This is a situation in which little is known about the Birch and Swinnerton-Dyer conjecture for the abelian variety A f attached to f by Shimura, when looked over K and over its class fields.
It follows that for every order
is a nonempty subset of Heegner points. Points P ∈ CM(R) specialize to singular points on the special fiberX 0 (D, N ) at p; degree-zero linear combinations of them yield points on the Néron model J of the Jacobian of X 0 (D, N ) over Z p , which can be projected to the group Φ p of connected components ofJ . It is expected that the results of this paper will be helpful in the study of the position of the image of such Heegner divisors in Φ p in analogy with the work of Edixhoven in [5] (though the setting here is quite different from his).
Moreover, if one further assumes that the sign of the functional equation of f is +1 (and this only depends on its behavior at the prime factors of D), it is expected that this can be related to the special values L(f /K, χ, 1) of the L-function of f over K twisted by finite characters unramified at p, as an avatar of the Gross-Zagier formula in the spirit of [1] . If true, a system of Kolyvagin classes could be constructed out of the above mentioned Heegner divisors and a word could be said on the arithmetic of A f . The author hopes to pursue these results in the work in progress [17] .
(2) On the computational side, there is an old, basic question which seems to remain quite unapproachable: can one write down explicit equations of curves X 0 (D, N ) over Q when D > 1? As it is well-known, classical elliptic modular curves X 0 (N ) := X 0 (1, N ) can be tackled thanks to the presence of cusps, a feature which is only available in the case D = 1. Ihara [10] was probably one of the first to express an interest on this problem, and already found an equation for the genus 0 curve X 0 (6, 1), while challenged to find others. Since then, several authors have contributed to this question (Kurihara, Jordan, Elkies, ClarkVoight for genus 0 or/and 1, Gonzalez-Rotger for genus 1 and 2). The methods of the latter are heavily based on Cerednik-Drinfeld's theory for X 0 (D, N ) × Z p for p | D and the arithmetic properties of fixed points by Atkin-Lehner involutions on X 0 (D, N ). It turns out that these fixed points are usually Heegner points associated to fields K in which at least one (sometimes all!) prime p | D ramifies: one (among others) of the reasons why the methods of [8] , [7] do not easily extend to curves of higher genus is the little understanding one has of the specialization of these points on the special fiberX 0 (D, N ) at p. It is hoped that this article can partially cover this gap and be used to find explicit models of many other Shimura curves: details for hyperelliptic curves may appear in [16] . For this application, our description of the geometrically-constructed maps Φ in pure algebraic terms by means of Ribet's bimodules turns out to be crucial, as this allows to translate it into an algorithm.
Notation.
Throughout, for any module M over Z and for any prime p we shall write
Similarly, for any homomorphism χ : M →N of modules over Z, we shall write χ p : M p →N p for the natural homomorphism obtained by extension of scalars. We shall also writeẐ to denote the profinite completion of Z, andM = M ⊗ ZẐ . For any Z-algebra D, write D 0 = D ⊗ Z Q and say that an embedding ϕ :
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As in the introduction, let R be an order in an imaginary quadratic field K. The action of Pic(R) preserves local equivalence, and in fact
where h(R) = #Pic(R) is the class number of R. For each p n DN , there is also an Atkin-Lehner involution w p n acting on CM D,N (R), which can be described as follows. Let P O denote the single two-sided ideal of O of norm p n . Notice that P O * O equals O as orders in B, but they are endowed with possibly different local orientations.
, w p n maps ϕ to the optimal embedding w p n (ϕ) : R ֒→ P O * O, where w p n (ϕ) is simply ϕ as ring homomorphism.
In the particular case p DN and m p = 2, the involution w p switches the two local equivalence classes at p.
For any m DN we denote by w m the composition w m = p n m w p n . The set W (D, N ) = {w m : m DN } is an abelian 2-group with the operation w m w n = w nm/(m,n) 2 , called the Atkin-Lehner group.
Attached to the order R, we set
p,
Suppose that N is square free. Since Pic(R) acts faithfully on CM D,N (R) by preserving local equivalences, and Atkin-Lehner involutions w p ∈ W (R) switch local equivalence classes at p, it follows from (2.3) that the group W D,N (R) × Pic(R) acts freely and transitively on the set CM D,N (R). For such a pair, we denote by End(A, i) the ring of endomorphisms which commute with i, i.e., End(A, i) = {φ ∈ End(A) :
Shimura curves
Let us denote by X 0 (D, N )/Z Morita's integral model (cf. [2] , [18] ) of the Shimura curve associated to O. As Riemann surfaces,
where i = i τ arises from the natural embedding O ֒→ B ֒→ M 2 (R) and
Above, two pairs (A, i) and (
We shall denote by CM(R) the set of such points. By the theory of complex multiplication, we actually have CM(R) ⊂ X 0 (D, N )(Q). As it is well known, there is a one-to-one correspondence
where
Throughout, we shall fix the isomorphism R ≃ End(A, i), to be the canonical one described in [12, Definition 1.
Via ϕ P , we may regard O as a locally free right R-module of rank 2. As such,
for some e ∈ B and some locally free R-ideal I in K. This decomposition allows us to decompose
and A is isomorphic to the product of two elliptic curves with CM by R, namely E = C/R and E I = C/I. Moreover, the action of O on E × E I induces the natural left action of O on R ⊕ eI. Let Σ be the (possibly empty) set of prime numbers which ramify in both O and S. For p in Σ, let P O and P S denote the unique two-sided ideals of O and S, respectively, of norm p.
Remark 3.2. Let M be a (O, S)-bimodule of rank 4n over Z, for some n ≥ 1. Since M is free over Z, M is also free over S as right module, by [6] . Up to choosing an isomorphism between M and S n , there is a natural identification End S (M) ≃ M (n, S). Thus, giving a structure of left O-module on M amounts to giving a homomorphism f : O → M (n, S).
Since Eichler orders are Gorenstein (cf. [11] ), the O-module M is projective if and only if f is optimal. In particular, we conclude that the isomorphism class of a (O, S)-bimodule M is completely determined by the GL(n, S)-conjugacy class of an optimal embedding f : O → M (n, S). Finally, in terms of f , M is admissible if and only if f (P O ) = M (n, P S ) for all p ∈ Σ.
We now proceed to describe Ribet's classification of -local and global-admissible bimodules. Let p be a prime. Let O denote the maximal order in a quaternion division algebra B over Q p . Let P = O · π be the maximal ideal of O and let F p 2 be the residue field of P.
regarded as a bimodule via the natural action of O on O itself and on P given by left and right multiplication. In that case, we say that a (O, O)-bimodule M is of type (r, s)
Using the above local description, Ribet classifes global bimodules of rank 8 over Z in terms of their algebra of endomorphisms, provided O is maximal. Hence, assume for the rest of this subsection that Z = Z and O is maximal in B.
and let C be the quaternion algebra over Q of reduced discriminant D M 0 . Note that the class of C in the Brauer group Br(Q) of Q is the sum of the classes of the quaternion algebras B and H.
We shall further assume for convenience that D 
Supersingular surfaces and bimodules
Let p be a prime and let F be a fixed algebraic closure of F p . An abelian surface A/F is supersingular if it is isogenous to a product of supersingular elliptic curves over F. Given a supersingular abelian surface A, one defines Oort's invariant a( A) as follows. If A is isomorphic to a product of supersingular elliptic curves, set a( A) = 2; otherwise set a( A) = 1 (see [13, Chapter 1] for an alternative definition of this invariant). Let B be an indefinite quaternion algebra over Q, of reduced discriminant D. Let N ≥ 1, (N, pD) = 1 and let O ∈ E(D, N ).
In this subsection we shall consider pairs ( A, i) of supersingular abelian surfaces with QM by O over F such that a( A) = 2. By a theorem of Deligne (cf. [22, Theorem 3.5] ) and Ogus [19, Theorem 6 .2], A ∼ = E × E, where E is any fixed supersingular elliptic curve over F.
Let us denote by S = End( E) the endomorphism ring of E. According to a well known theorem of Deuring [4] , S is a maximal order in the quaternion algebra H = S ⊗ Q, which is definite of discriminant p. Therefore, giving such an abelian surface ( A, i) with QM by O is equivalent to providing an optimal embedding
or, thanks to Remark 3.2, a (O, S)-bimodule M of rank 8 over Z.
Remark 3.6. The maximal order S comes equipped with a natural orientation at p, and therefore can be regarded as an element of E(p, 1). This orientation arises from the action of S on a suitable quotient of the Dieudonné module of the elliptic curve E, which turns out to be described by a character S → F p 2 . See [21, p. 37] for more details.
Let M = M ( A, i) be the bimodule attached to the pair ( A, i) by the above construction. Then
The above discussion allows us to generalize Ribet's Theorem 3. 
Supersingular specialization of Heegner points
As in the previous section, let p be a prime and let F be a fixed algebraic closure of F p . Let B be an indefinite quaternion algebra over
Fix a prime P of M above p and let A denote the special fiber of the Néron model of A at P. By [20, Theorem 3] , A has potential good reduction at P. Hence, after extending the field M if necessary, we obtain that A is smooth over F.
Since A has good reduction at P, the natural morphism φ : End(A) ֒→ End( A) is injective. The composition i = φ • i yields an optimal embedding i : O ֒→ End( A) and the isomorphism class of the pair ( A, i) corresponds to the reductionP of the point P on the special fiber
Let us denote by φ P : End(A, i) ֒→ End( A, i) the restriction of φ to End(A, i).
Lemma 4.1. The embeddings φ and φ P are optimal locally at every prime but possibly at p.
Proof. We first show that φ ℓ is optimal for any prime ℓ = p. For this, let us identify End 0 (A) ℓ with a subalgebra of End 0 (Ã) ℓ via φ, so that we must prove that End
It is clear that End
End( A) ℓ and let M be a field of definition of α. Due to good reduction, there is an isomorphism of Tate modules A) ), where G M stands for the absolute Galois group of M and End GM (T ℓ (A)) is the subgroup of End(T ℓ (A)) fixed by the action of
This shows that φ ℓ is optimal. One easily concludes the same for (φ P ) ℓ by taking into account that End(A, i) = End( A, i) ∩ End(A).
Remark 4.2. Notice that if End(A, i) is maximal in End
0 (A, i), the embedding φ P is optimal. In fact, if End(A, i) is not maximal in End 0 (A, i) the embedding φ P may not be optimal at p. For example, let R be an order in an imaginary quadratic field K of conductor cp r , let A ≃ E ×E where E is an elliptic curve with CM by R and let i :
. Thus if φ P was optimal, it shall provide an element of CM p,1 (R) which is impossible by [24, Corollaire 5.12] .
and denote by c the conductor of R. In §2.2 we proved that A ∼ = E × E I where E = C/R, E I = C/I are elliptic curves with CM by R. Here I is a projective R-ideal in K.
Assume that p is coprime to cN and does not split in K. Then A ≃ E × E I is a product of supersingular elliptic curves over F. Let S ∈ E(p, 1) be the endomorphism ring of E endowed with the natural orientation described in §3.2. Since a( A) = 2, we can assign a (O, S)-bimodule M = M P to P = [ A, i] as in the previous section.
Theorem 4.3. (a)
There exists an optimal embedding ψ : R ֒→ S such that, for all P ∈ CM(R),
where S is regarded as left R-module via ψ and O as right R-module via ϕ P .
(b) Upon the identifications (3.5) and (4.6), the optimal embedding φ P is given by the rule
Proof. As explained in §3.2, the isomorphism class of the bimodule M P is completely determined by the optimal embedding i : O −→ End( A) = M (2, S), which in turn is defined as the composition of i with φ : End(A) ֒→ End( A). More explicitly, as described in §2 
where M runs over a set of representatives of local isomorphism classes of (O, S)-bimodules arising from some ϕ P ∈ CM D,N (R). Note that composing φ with the natural projection π :
one obtains the map ϕ P → M P which assigns to ϕ P the bimodule that describes the supersingular specialization of the Heegner point associated to it. For any locally free rank-1 left O-module I, let us consider the right O-module
It follows directly from Definition 2.1 that I * O coincides with the left order of I −1 , endowed with the natural local orientations. 
which proves the desired result. The one-to-one correspondence is given by:
We can define an action of Pic(R) on CM 
and does not depend on the representant Proof. Since B is indefinite, Pic(D, N ) = 1 and I must be principal. Write I = Oγ. Then I * O = γ −1 Oγ and the isomorphism I * O ∼ = O is given by γ −1 αγ → α. Finally, the isomorphism of Z-modules
S (R). Given that both sets CM D,N (R) and CM
is compatible with the isomorphism I * O ∼ = O described above. Proof. The map φ is given by 
Atkin-Lehner involutions
Recall from §2.1 that the set of optimal embeddings CM D,N (R) is also equipped with an action of the group W (D, N ) of Atkin-Lehner involutions. Let q | DN, q = p be a prime and let n ≥ 1 be such that q Recall that O equals Q O * O as orders in B. Hence the algebra End We now proceed to describe the behavior of the Atkin-Lehner involution w q n under the map
introduced above. φ(w q n (ϕ)) = w q n (φ(ϕ)).
Proof. For any
As ring monomorphisms, ϕ equals w q n (ϕ). Hence, φ(w q n (ϕ)) = ((Q O * O)⊗ R S, φ ϕ ). Applying Lemma 4.5, we obtain that
Remark 4.11. We defined an action of w q n on CM 
is a locally free rank-1 two-sided Λ-module of norm q n in order to ensure that End
, we conclude that Q Λ is two-sided. In order to check that Q Λ has norm q n , note that Q Λ coincides with Hom
5Čerednik-Drinfeld's special fiber
In this section we exploit the results of §4 to describe the specialization of Heegner points on Shimura curves X 0 (D, N ) at primes p | D. In order to do so, we first recall basic facts about the moduli interpretation ofČerednik-Drinfeld's special fiber of X 0 (D, N ) at p. Let P = [A, i] ∈ CM(R) be a Heegner point and let ϕ P ∈ CM D,N (R) be the optimal embedding attached to P . It is well know that if such an optimal embedding exists, R is maximal at p and p either ramifies or is inert in K (cf. [24, Theorem 3.1]). Thus, [ A, i] is supersingular inX 0 (D, N ) and the bimodule associated to P is M P = O ⊗ R S, by Theorem 4.3. Moreover, by Remark 4.2 the embedding φ P is optimal.
Proposition 5.2. Assume that p ramifies in K. Then M P is admissible at p and (M P ) p is of type (1, 1) . Furthermore, the algebra End Proof. Since O p = S p is free as right R p -module, we may choose a basis of O p over R p . In terms of this basis, the action of O p on itself given by right multiplication is described by a homomorphism
Since p ramifies in K, the maximal ideal p Op of O p is generated by an uniformizer π of R p (cf. [24, Corollaire II.1.7] ). This shows that f (p Op ) ⊆ M (2, πR p ).
This allows us to conclude that M p is admissible at p. Indeed, in matrix terms, the local bimodule M p is given by the composition of f with the natural inclusion M (2,
In order to check that r p = 1, reduction modulo p Op yields an embedding
because the residue field of K at p is the prime field F p . After extending to a quadratic extension of That points P ∈ CM(R) specialize to the non-singular locus ofX 0 (D, N ) when p is unramified in K was already known by the experts (cf. e.g. [14] ) and can also be easily deduced by rigid analytic methods. The novelty of Theorem 5.3 is the converse.
Heegner points and the singular locus
As explained before, singular points ofX 0 (D, N ) are in one-to-one correspondence with isomorphism classes of (O, S)-bimodules which are admissible at p and of type (1, 1). By Theorem 3.7, such an isomorphism class is characterized by the isomorphism class of the endomorphism ring End Let P = [A, i] ∈ CM(R) be a Heegner point. As proved in Theorem 5.3, P specializes to a singular point P if and only if p ramifies in K. If this is the case, the optimal embedding φ P : R ֒→ End S O (M P ) provides an element of CM D p ,N p (R). Therefore, the map φ of (4.7), which was constructed by means of the reduction of X 0 (D, N ) modulo p, can be interpreted as a map between CM-sets: , the isomorphism class [ A, i] defines a non-singular point P ∈X 0 (D, N ) ns if and only if A has exactly one subgroup scheme H P , which is O-stable and isomorphic to α p . There α p stands for the usual inseparable group scheme of rank p. Furthermore, by considering the quotient B = A/H P and the embedding j : O ֒→ End F B induced by i, we obtain an abelian surface ( B, j) with QM such that a( B) = 2. The pair ( B, j) defines an admissible bimodule M P = M ( B,j) which has either type (2, 0) or type (0, 2).
Heegner points and the smooth locus
The set of irreducible components ofX 0 (D, N ) is in one-to-one correspondence with the set of isomorphism classes of admissible (O, S)-bimodules of type (2, 0) and (0, 2). With this in mind, the bimodule M P determines the component where the point P lies. Moreover, the AtkinLehner involution w p ∈ End Q (X 0 (D, N )) maps bimodules of type (2, 0) to those of type (0, 2), and viceversa. By Theorem 3.7, such bimodules M ( B,j) are characterized by their type and their endomorphism ring End N ) . Hence the set of the irreducible components ofX 0 (D, N ) is in one-to-one correspondence with two copies of Pic( D p , N ), one copy for each type, (0, 2) and (2, 0). Finally, the automorphism w p exchanges both copies of Pic( N ) be a non-singular point and assume that a( A) = 2. Let M P be its associated (O, S)-bimodule. The subgroup scheme H P gives rise to a degree-p isogeny
Since A ≃ B ≃ E 2 , we may fix an isomorphism of algebras End F ( A)→M 2 (S). Then each isogeny can be regarded as a matrix with coefficients in S. In order to characterize the bimodule M P in terms of M P we shall use the following proposition. Proof. The right S-module γM is S-free of rank 2 with basis {γe 1 , γe 2 }, provided that {e 1 , e 2 } is a S-basis for M. An element of γM can be writen as:
Therefore any α ∈ O acts on it as follows:
Thus γM is O-stable and O acts on it through the map f M . We conclude that γM ∼ = M as (O, S)-bimodules.
Applying the above proposition to f M = j, f M = i and γ = µ P , we obtain that µ P M P = M P . Note that endomorphisms λ ∈ End( A) which fix H P give rise to endomorphisms λ ∈ End( B). If in addition λ ∈ End( A, i) then λ lies in End( B, j).
Lemma 5.6. Every endomorphism in End(
Proof. Let λ ∈ End( A, i). Then λ(H P ) is either trivial or a subgroup scheme of rank p. If λ(H P ) = 0, the statement follows. Assume thus that λ(H P ) is a subgroup scheme of rank p. Since A is supersingular, λ(H P ) is isomorphic to α p . Moreover, for all α ∈ O we have that i(α)(λ(H P )) = λ( i(α)(H P )) = λ(H P ). Therefore λ(H P ) is O-stable and consequently λ(H P ) = H P , by uniqueness.
By the preceding result, there is a monomorphism End( A, i)→End( B, j) corresponding, via bimodules, to the monomorphism δ P : End Indeed, since µ Q has degree p,
has also p-power index. Due to the fact that ψ is optimal,
where R ′ is an order in K such that R ⊆ R ′ has p-power index. Recall that R is maximal at p, hence we conclude that R ′ = R and δ Q • ψ is optimal. 
Both sets are equipped with an action of Pic(R) and involutions w q n , for all q n DN , q = p.
On the other hand, since M P is admissible of type (2, 0) or (0, 2), we identify CM respectively,
As for the Atkin-Lehner involution w q n , let Q O be the single two-sided ideal of O of norm
Supersingular good reduction
Exploiting the results of §4, we can also describe the supersingular reduction of Heegner points at primes p of good reduction of the Shimura curve X 0 (D, N ) . Indeed, let p ∤ DN be a prime, let F be an algebraic closure of F p and letX N ) is a supersingular abelian surface with QM, then a( A) = 2 by [21, §3] . Therefore [ A, i] is characterized by the isomorphism class of the (O, S)-bimodule M P attached to it. By Theorem 3.7, these isomorphism classes are in correspondence with the set Pic(Dp, N ).
Let P = [A, i] ∈ CM(R) be a Heegner point and assume that the conductor c of R is coprime to p. Since A is isomorphic to a product of two elliptic curves with CM by R, it follows from the classical work of Deuring that A has supersingular specialization if and only if p does not split in K.
If we are in this case, the map φ of (4.7) becomes
by means of the natural identification (4.9). Composing with the natural projection
and the correspondence of (2.4), one obtains a map CM(R) → Pic(Dp, N ) which assigns to P = [A, i] ∈ CM(R) the Eichler order End( A, i) that describes its supersingular specialization. 7 Deligne-Rapoport's special fiber
In this section we exploit the results of §6 to describe the specialization of Heegner points on Shimura curves X 0 (D, N ) at primes p N . In order to do so, we first recall basic facts about Deligne-Rapoport's special fiber of X 0 (D, N ) at p. Let p be a prime dividing exactly N , fix F an algebraic closure of Proof. The point P specializes to a singular point if and only if ( A, i) is supersingular. Since p is not inert in K and any elliptic curve with CM by R has supersingular specialization if and only if p is not split in K, we conclude that p ramifies in K. 
Heegner points and the smooth locus
′ has also p-power index. According to the fact that the conductor of R is prime to p, we deduce that R = R ′ . Hence, restricting the natural degeneracy maps
Observe that we have the analogous situation to §5.2 and Theorem 5.8. We have a map
, which is clearly Pic(R) × W (D, N/p) equivariant and a bijection if N is square free, with the property that the natural map
gives the irreducible component where the point lies. Notice that there are two irreducible components and #Pic(D, N/p) = 1, since D is the reduced discriminant of an indefinite quaternion algebra. 
Heegner points and the singular locus
Appendix A: Moduli interpretations of Shimura curves
In this appendix, we describe an interpretation of the moduli problem solved by the Shimura curve X 0 (D, N ), which slightly differs from the one already considered in §2.2. This moduli interpretation is also well-known to the experts, but we provide here some details because of the lack of suitable reference. 
